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Learning from relational data

▶ Graphs are natural models for relational data that can help to learn in various timely applications

<latexit sha1_base64="qRFlBcxXU+HkGLDkkfTMJuzUpMQ=">AAACDHicbVDLSgMxFM34tr6qLt0Ei+BCyozgY1kQwZUo2Cq0g2TS2xqaSYbkjlqG+QA3/oobF4q49QPc+Tem0y60eiBwOOfc5OZEiRQWff/Lm5icmp6ZnZsvLSwuLa+UV9caVqeGQ51rqc1VxCxIoaCOAiVcJQZYHEm4jHpHA//yFowVWl1gP4EwZl0lOoIzdNJ1udJCuMfiniySKeTZMddKx4LTU8A7bXo2dym/6hegf0kwIhUywtl1+bPV1jyNQSGXzNpm4CcYZsyg4BLyUiu1kDDeY11oOqpYDDbMiiVyuuWUNu1o445CWqg/JzIWW9uPI5eMGd7YcW8g/uc1U+wchplQSYqg+PChTiopajpohraFAY6y7wjjRrhdKb9hhnF0/ZVcCcH4l/+Sxm412K/une9WajujOubIBtkk2yQgB6RGTsgZqRNOHsgTeSGv3qP37L1578PohDeaWSe/4H18A4gQnH0=</latexit>

Economic Networks
<latexit sha1_base64="TM9974F6VSGW9uqUs5jVfQUv9aw=">AAACGnicbVDLSgMxFM3Ud31VXboJFsGFlJmCj2XBjW5E0VahLSWT3rahmWRI7qhl6He48VfcuFDEnbjxb0ynXfg6EDicc29ycsJYCou+/+nlpqZnZufmF/KLS8srq4W19ZrVieFQ5Vpqcx0yC1IoqKJACdexARaFEq7C/tHIv7oBY4VWlziIoRmxrhIdwRk6qVUIGgh3mN2ThjKBYXqhuWCSMtWmJ6qjTZRN0lPAW236dtgqFP2Sn4H+JcGEFMkEZ63Ce6OteRKBQi6ZtfXAj7GZMoOCSxjmG4mFmPE+60LdUcUisM00izSk205pUxfDHYU0U79vpCyydhCFbtIF7dnf3kj8z6sn2DlspkLFCYLi44c6iaSo6agn2hYGOMqBI4wb4bJS3mOGcXRt5l0Jwe8v/yW1cinYL+2dl4uV3Ukd82STbJEdEpADUiHH5IxUCSf35JE8kxfvwXvyXr238WjOm+xskB/wPr4ARluiMA==</latexit>

Social and Information Networks
<latexit sha1_base64="wvKo5gHV6RomWtquGoPGZvoR0P4=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgQkpS8LEsuNFdBfuAtpTJ9LYdOpmEmRuxhIIbf8WNC0Xc+hPu/BunaRbaeuDC4Zx75849fiS4Rtf9tnJLyyura/n1wsbm1vaOvbtX12GsGNRYKELV9KkGwSXUkKOAZqSABr6Ahj+6mvqNe1Cah/IOxxF0AjqQvM8ZRSN17YM2wgOm7yS+iGGS3EgEJQEnXbvoltwUziLxMlIkGapd+6vdC1kcgEQmqNYtz42wk1CFnAmYFNqxhoiyER1Ay1BJA9CdJN09cY6N0nP6oTIl0UnV3xMJDbQeB77pDCgO9bw3Ff/zWjH2LzsJl1GMINlsUT8WDobONBCnxxUwFGNDKFPc/NVhQ6ooMzHoggnBmz95kdTLJe+8dHZbLlZOszjy5JAckRPikQtSIdekSmqEkUfyTF7Jm/VkvVjv1sesNWdlM/vkD6zPH6tzmMI=</latexit>

Internet
<latexit sha1_base64="8UQBGKa51+ETnTDAzVZvCCzn2ZI=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwkLAb8VEGtLARIpgHJCHMTm6SIbMPZu6KYdnCxl+xsVDE1o+w82+cJFto4oELh3PunTv3uKEUGm3728osLa+srmXXcxubW9s7+d29ug4ixaHGAxmopss0SOFDDQVKaIYKmOdKaLijy4nfuAelReDf4TiEjscGvugLztBI3XyhjfCA03diV0aQxCdX9Ab0EHTSzRftkj0FXSROSookRbWb/2r3Ah554COXTOuWY4fYiZlCwSUkuXakIWR8xAbQMtRnHuhOPF2e0EOj9Gg/UKZ8pFP190TMPK3Hnms6PYZDPe9NxP+8VoT9i04s/DBC8PlsUT+SFAM6SYT2hAKOcmwI40qYv1I+ZIpxNLnlTAjO/MmLpF4uOWel09tysXKcxpElBXJAjohDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH7PWjJXO7JM/sD5/AGHXmH8=</latexit>

3D Meshes

<latexit sha1_base64="k0QJGfW0s8DDWZM+BL/++lutZBE=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwISUp+FgW3LgRKtgHtKFMprft0MmDmRuxhCzc+CtuXCji1o9w5984TbPQ1gMXDufcO3fu8SLBFdr2t1FYWV1b3yhulra2d3b3zP2DlgpjyaDJQhHKjkcVCB5AEzkK6EQSqO8JaHuTq5nfvgepeBjc4TQC16ejgA85o6ilvlnuITxg9k7iiRjS5CYUwGIBKu2bFbtqZ7CWiZOTCsnR6JtfvUHIYh8CZIIq1XXsCN2ESuRMQFrqxQoiyiZ0BF1NA+qDcpNseWoda2VgDUOpK0ArU39PJNRXaup7utOnOFaL3kz8z+vGOLx0Ex5EMULA5ouGsbAwtGaJWAMugaGYakKZ5PqvFhtTSRnq3Eo6BGfx5GXSqlWd8+rZba1SP83jKJIyOSInxCEXpE6uSYM0CSOP5Jm8kjfjyXgx3o2PeWvByGcOyR8Ynz9tCpks</latexit>

Molecules

<latexit sha1_base64="dVsi6LnWnKVHXcVswojMR62YBCk=">AAACEnicbVDLSgMxFM34rPU16tJNsAgKUmYKPpYFN66kglWhLSWT3tbQTDIkd9Qy9Bvc+CtuXCji1pU7/8Z07EKrBwKHc85Nbk6USGExCD69qemZ2bn5wkJxcWl5ZdVfW7+wOjUc6lxLba4iZkEKBXUUKOEqMcDiSMJl1D8e+Zc3YKzQ6hwHCbRi1lOiKzhDJ7X93SbCHeb3ZJFMYZidG6Zsog3mCXoKeKtN3w7bfikoBznoXxKOSYmMUWv7H82O5mkMCrlk1jbCIMFWxgwKLmFYbKYWEsb7rAcNRxWLwbayfJUh3XZKh3a1cUchzdWfExmLrR3EkUvGDK/tpDcS//MaKXaPWplQSYqg+PdD3VRS1HTUD+0IAxzlwBHGjXC7Un7NDOPoWiy6EsLJL/8lF5VyeFDeP6uUqnvjOgpkk2yRHRKSQ1IlJ6RG6oSTe/JInsmL9+A9ea/e23d0yhvPbJBf8N6/AO4Pn3Q=</latexit>

Transportation Networks

<latexit sha1_base64="0eoR+LfUZNNLwYwClo+d+iKFfaA=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwkLAb8FEGLBRsIpgHJCHMTm6SIbOzy8xdNSzpbfwVGwtFbP0BO//GyaPQxAMXDufcO3Pv8SMpDLrut5NaWl5ZXUuvZzY2t7Z3srt7VRPGmkOFhzLUdZ8ZkEJBBQVKqEcaWOBLqPmDi7FfuwNtRKhucRhBK2A9JbqCM7RSO5trIjzg5J3ElzGMkmsV3kvo9IBeahb1zaidzbsFdwK6SLwZyZMZyu3sV7MT8jgAhVwyYxqeG2ErYRoFlzDKNGMDEeMD1oOGpYoFYFrJZIcRPbRKh3ZDbUshnai/JxIWGDMMfNsZMOybeW8s/uc1YuyetxKhohhB8elH3VhSDOk4GNoRGjjKoSWMa2F3pbzPNONo48vYELz5kxdJtVjwTgsnN8V86XgWR5ockBw5Ih45IyVyRcqkQjh5JM/klbw5T86L8+58TFtTzmxmn/yB8/kDi9qb7g==</latexit>

Knowledge Graphs
<latexit sha1_base64="6+Ta1fyWnJipJemZj5GUyIN/DrI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4kDJT8LEsduOygn1AW0omvbWhmWRI7ohl6Ae48VfcuFDErR/gzr8xfSzUeiBwOOfe3HtPGEth0fe/vMzS8srqWnY9t7G5tb2T392rW50YDjWupTbNkFmQQkENBUpoxgZYFEpohMPKxG/cgbFCqxscxdCJ2K0SfcEZOqmbL7QR7nH6TxrKBMbppWFC0YpWCjjqCOzYVflFfwq6SII5KZA5qt38Z7uneRKBQi6Zta3Aj7GTMoOCSxjn2omFmPEhu4WWo4q5KZ10usSYHjmlR/vauKeQTtWfHSmLrB1FoauMGA7sX28i/ue1EuxfdFKh4gRB8dmgfiIpajpJhvaEcRfLkSOMG+F2pXzADOPo8su5EIK/Jy+SeqkYnBVPr0uF8sk8jiw5IIfkmATknJTJFamSGuHkgTyRF/LqPXrP3pv3PivNePOeffIL3sc3VZCcXQ==</latexit>

Brain Connectomes

BUILD with Precision: Bottom-Up Inference of Linear DAGs Graph Signal Processing Workshop 2



Learning graphs from data: Accounting for directionality and cycles

▶ Undirected topology inference from nodal observations [Kolaczyk’09]
▶ Partial correlations and conditional dependence [Dempster’74]
▶ Sparsity [Friedman et al’07] and consistency [Meinshausen-Buhlmann’06]

▶ Key in neuroscience and bioinformatics

⇒ Functional network from fMRI signals [Sporns’10]

⇒ Gene-regulatory networks from microarray data [Mazumder-Hastie’12]

▶ This work: learn the structure of directed acyclic graphs (DAGs)

▶ DAGs have become prominent models in various ML applications

⇒ Conditional independences among variables in Bayesian networks

⇒ DAG edges may have causal interpretations

⇒ Bio [Sachs et al’05], genetics [Zhang et al’13], finance [Sanford-Moosa’12]

▶ Challenges: directionality, acyclicity (combinatorial constraint), identifiability

1

2 3

4

5

BUILD with Precision: Bottom-Up Inference of Linear DAGs Graph Signal Processing Workshop 3



Learning graphs from data: Accounting for directionality and cycles

▶ Undirected topology inference from nodal observations [Kolaczyk’09]
▶ Partial correlations and conditional dependence [Dempster’74]
▶ Sparsity [Friedman et al’07] and consistency [Meinshausen-Buhlmann’06]

▶ Key in neuroscience and bioinformatics

⇒ Functional network from fMRI signals [Sporns’10]

⇒ Gene-regulatory networks from microarray data [Mazumder-Hastie’12]

▶ This work: learn the structure of directed acyclic graphs (DAGs)

▶ DAGs have become prominent models in various ML applications

⇒ Conditional independences among variables in Bayesian networks

⇒ DAG edges may have causal interpretations

⇒ Bio [Sachs et al’05], genetics [Zhang et al’13], finance [Sanford-Moosa’12]

▶ Challenges: directionality, acyclicity (combinatorial constraint), identifiability

1

2 3

4

5

BUILD with Precision: Bottom-Up Inference of Linear DAGs Graph Signal Processing Workshop 3



Roadmap

Background: Linear SEMs and DAG learning

Idea: Precision matrix structure and the BUILD algorithm

Experimental performance evaluation

Concluding remarks

H. Ajorlou et al, “BUILD with precision: Bottom-up inference of linear DAGs,” ICASSP, 2026; see also arXiv:2512.16111 [cs.LG]
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Linear structural equation (causal) models

▶ DAG D(V, E ,A) ∈ D, vertices V = {1, . . . ,N}, edges E ⊆ V × V
⇒ Adjacency matrix A = [a1, . . . , aN ] ∈ RN×N of edge weights

⇒ Entry Aij ̸= 0 indicates a directed link from node j to i

▶ Random vector x = [x1, . . . , xN ] ∈ RN , joint Markov p(x) w.r.t. D
⇒ DAG D encodes conditional independencies among variables in x

⇒ Each xi depends only on its parents PAi = {j ∈ V : Aij ̸= 0}

▶ Linear structural equation model (SEM) to generate p(x)

xi =
∑
j∈PAi

Aijxj + zi , ∀i ∈ V

⇒ Mutually independent, exogenous noises z = [z1, . . . , zN ]
⊤

1

x1

2x2 3 x3

4
x4

5

x5

A21 A31

A41

A51

A42 A43

A54 A53

▶ Q: Estimate A (learn DAG D) using dataset X ∈ RN×M with M i.i.d. samples from p(x)?
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Innovation in context

▶ Learning a DAG solely from observational data X is NP-hard [Chickering’96]

▶ Combinatorial search: GES [Chickering’02], PC algorithm [Spirtes et al’00]

⇒ Scale poorly: |D| grows super-exponentially in N

▶ Continuous optimization: smooth acyclicity functions H(A) = 0 ⇐⇒ D ∈ D
⇒ NOTEARS [Zheng et al’18], DAGMA [Bello et al’22], CoLiDE [Saboksayr et al’24]

⇒ Scale well, but face non-convex optimization challenges

▶ Order-based: recover causal ordering, then estimate edges

⇒ TOPO [Deng et al’23], information theoretic scheme [Daskalakis et al’25]

⇒ Strong theoretical guarantees, but may neglect edge weights

Our contribution: a deterministic, bottom-up algorithm that leverages the precision matrix
structure to recover DAGs without continuous optimization or combinatorial search
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Precision matrix of a linear Gaussian SEM

▶ Linear Gaussian SEM: x = Ax+ z, with z ∼ N (0, σ2IN)

⇒ Signal covariance: Σ = E
[
xx⊤

]
= σ2(IN − A)−1(IN − A⊤)−1

⇒ Precision matrix: Θ = Σ−1 = σ−2
(
IN − A− A⊤ + A⊤A

)

Lemma 1 (Precision matrix entries). Let CHj = {i ∈ V : Aij ̸= 0} be the children of j . Then:

σ2Θij =

{
1 +

∑
k∈CHi

A2
ki , i = j

−Aij +
∑

k∈CHi∩CHj
AkiAkj , i > j

▶ Support of Θ corresponds to the moralized graph of D [Lauritzen’96]

⇒ Undirected graph, connecting all nodes in PAi = {j ∈ V : Aij ̸= 0}, i ∈ V
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Key insight: Identifying leaf nodes and their parents

▶ If node i is a leaf of D, then CHi = ∅ and ai = 0N

Corollary 1 (Leaf identification). A node i ∈ V is a leaf of D if and only if Θii = σ−2

⇒ All non-leaf nodes must have Θjj > σ−2

⇒ Resolution gap lower bounded by ∆ = σ−2 mini,j∈V A2
ij

▶ Upshot: Once a leaf i is identified, we can recover its parents and edge weights:

Aij =

{
−σ2Θij , j < i

0, j ≥ i

⇒ Off-diagonal entries in the i-th row of Θ are scaled copies of the i-th row of A (i.e., PAi )

▶ Core idea: iteratively identify leaf nodes → recover their parents → prune and repeat

⇒ Bottom-up reconstruction of the entire DAG given Θ
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Example: Reading the DAG from Θ

1 2

3

4 5

leaf leaf

1

1

2

2

3

3

4

4

5

5

> σ−2

> σ−2

> σ−2

= σ−2

= σ−2

★

★

̸= 0

̸= 0

̸= 0

̸= 0

− A43
σ2

− A43
σ2

− A53
σ2

− A53
σ2

0 0

0 0

0 0

0 0

0

0

Θ

leaf: Θii = σ−2

non-leaf: Θii > σ−2

parent edges

moralized

▶ Leaf rows of Θ directly reveal parent identities and edge weights

⇒ Off-diagonal entries Θij in leaf row i : Aij = −σ2Θij

⇒ Moralized entries (★) arise from shared children, not direct edges
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Leaf pruning via block matrix inversion

▶ After identifying leaf i and recovering its incident edges, remove its contribution

⇒ Partition Θ with leaf i isolated

Θ =

[
[Θ]ii [Θ]i,R
[Θ]R,i [Θ]R,R

]
⇒ R = V \ {i} is the set of remaining nodes

▶ Updated precision matrix for the reduced DAG

ΘRR = [Θ]R,R − [Θ]−1
ii [Θ]R,i [Θ]i,R

⇒ Since [Θ]ii = σ−2 for a leaf, this simplifies to a rank-one update

⇒ Resulting ΘRR describes conditional dependencies of the pruned DAG

▶ Iterate: find next leaf, recover parents, prune → full DAG recovery
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The BUILD algorithm

Original DAG

1 2 3

4 5

6 7

prune 6,7

Step 1–2

1 2 3

4 5

6 7

prune 4,5

Step 3–4

1 2 3

4 5

6 7

▶ Two phases:

⇒ Phase 1: estimate Θ̂ from data X Phase 2: iterative bottom-up DAG recovery

▶ Per step: find leaf O(N), recover parents O(d), prune O(d2) ⇒ Total: O(N2) for Phase 2

▶ Guarantee: Given ensemble precision matrix Θ, BUILD exactly recovers A

F. Kelner et al, “Learning some popular Gaussian graphical models without condition number bounds,” NeurIPS, 2020
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Experimental setup

▶ Graphs: Erdős–Rényi DAGs, N = 200 nodes, expected degree d = 4

⇒ Edge weights Aij drawn uniformly from (−2,−0.5) ∪ (0.5, 2)

▶ Data: M = 1,000 i.i.d. samples from linear SEM with homoscedastic Gaussian noise, σ2 = 1

▶ Metrics:

⇒ SHD (Structural Hamming Distance): edge corrections to recover true graph

⇒ FDR (False Discovery Rate): fraction of spurious edges

⇒ TPR (True Positive Rate): fraction of correctly detected edges

⇒ NMSE: normalized MSE of estimated edge weights

▶ Baselines: CoLiDE, DAGMA, Gao et al’22, Daskalakis et al’25

▶ Reproducibility: Code at https://github.com/hamedajorlou/BUILD

M. Gao et al, “Optimal estimation of Gaussian DAG models,” AISTATS, 2022

C. Daskalakis et al, “Learning Gaussian DAG models without condition number bounds,” ICML, 2025
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Results: BUILD versus continuous optimization methods

Table: Comparison for different refreshing rates. ER4 graphs, N = 200, M = 1,000. Mean ± std over 20 trials.

Baseline SHD ↓ FDR ↓ TPR ↑ Time (s) ↓

BUILD-0.005 17.40 ± 3.64 0.004 ± 0.003 0.983 ± 0.004 1203.20 ± 31.65
BUILD-0.01 45.20 ± 10.89 0.035 ± 0.012 0.981 ± 0.004 620.77 ± 15.81
BUILD-0.02 81.65 ± 28.53 0.072 ± 0.029 0.977 ± 0.004 323.72 ± 7.91
BUILD-0.04 122.90 ± 34.02 0.112 ± 0.030 0.971 ± 0.007 168.17 ± 3.80
CoLiDE 114.40 ± 43.11 0.031 ± 0.026 0.888 ± 0.031 109.01 ± 22.80
DAGMA 135.95 ± 36.19 0.035 ± 0.021 0.864 ± 0.027 93.92 ± 19.43

▶ BUILD-0.005 achieves substantially lower SHD and higher TPR than all baselines

⇒ FDR consistently decreases with more frequent refreshing

⇒ Trade-off: BUILD-0.04 matches CoLiDE accuracy at comparable runtime

S. S. Saboksayr et al, “CoLiDE: Concomitant linear DAG estimation,” ICLR, 2024

K. Bello et al, “DAGMA: Learning DAGs via M-matrices and a log-determinant acyclicity characterization,” NeurIPS, 2022
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Results: Structure recovery versus sample and graph size

▶ BUILD-0.02 outperforms CoLiDE and DAGMA once M ≥ 800 samples available

⇒ Edge weight estimation (NMSE) also improves with more data

▶ Markedly improved error-runtime tradeoffs than order-based methods
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Results: Cell-signaling data

▶ Tested BUILD on the Sachs dataset [Sachs et al’05]

⇒ Cytometric measurements from human immune system

⇒ Comprises N = 11 proteins, 17 edges, and M = 853 samples

⇒ Associated DAG is obtained through experimental methods

▶ BUILD attains lowest SHD to date for this problem

Table: DAG recovery performance on the Sachs dataset

GOLEM-EV GOLEM-NV DAGMA SortNRegress DAGuerreotype GES CoLiDE-EV CoLiDE-NV

SHD 22 15 16 13 14 13 13 12
SID 49 58 52 47 50 56 47 46
SHD-C 19 11 15 13 12 11 13 14
FDR 0.83 0.66 0.5 0.61 0.57 0.5 0.54 0.53
TPR 0.11 0.11 0.05 0.29 0.17 0.23 0.29 0.35

K. Sachs et al, “Causal protein-signaling networks derived from multiparameter single-cell data,” Science, 2005
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Summary and the road ahead

▶ Proposed BUILD: a deterministic, bottom-up algorithm for DAG learning

⇒ Exploits precision matrix structure of linear Gaussian SEMs (Lemma 1, Corollary 1)

⇒ Iteratively identifies leaf nodes, recovers parents and edge weights, and prunes

⇒ Exact recovery given the ensemble precision matrix in O(N2) time

⇒ Refreshing scheme to mitigate finite-sample error propagation

▶ Ongoing and future work:

⇒ Formalizing estimation error bounds and sample-complexity guarantees

⇒ Extension to non-Gaussian SEMs
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