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Dynamic programming (DP)

▶ We want to solve the cliff problem via dynamic programming (DP)

▶ Find value function (VF) via Bellman’s equation and obtain policy
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Generalization

▶ If the problem changes in structured way

▶ We have to solve again ⇒ Solution does not transfer
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Research question

Can we transfer DP solutions?
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The Markov Decision Process (MDP)

▶ DP formalized via the Markov decision process (MDP)

⇒ Discrete state space S
⇒ Discrete action space A
⇒ Transition probability function p(·|s, a)
⇒ Reward function r(s, a)

Controller

System

atst+1, rt

[Bertsekas, Athena Scientific]
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The goal of DP

▶ Learn optimal policy π : S 7→ A solving

max
π

Eπ

[ ∞∑
t=0

γtr(st , at)

]

⇒ Challenging functional optimization problem

▶ VFs key to DP formalization ⇒ Characterize optimality conditions

Qπ(s, a) := Eπ

[ ∞∑
t=0

γtr(st , at)|s0 = s, a0 = a

]

Qπ(s, a) = r(s, a) + γEπ [Q
π(s ′, a′)]
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Value functions (VFs)

▶ Bellman’s equations ⇒ Linear system for fixed policy π

qπ = r + γPπqπ with Pπ = PSπ

⇒ P ∈ R|S||A|×|S| is transition operator

⇒ Sπ = (I⊙Π⊤)⊤ ∈ R|S|×|S||A| is VF mapping ⇒ vπ = Sπqπ

▶ Leads to better policy ⇒ π′(s) = maxa∈A Qπ(s, a)
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Policy iteration

▶ Policy iteration ⇒ Classic algorithm to solve DP

⇒ Guaranteed to converge to unique solution

⇒ Policy evaluation (PE) ⇒ Solve Bellman’s equation

⇒ Policy improvement (PI) ⇒ Improve policy greedily

⇒ Nested (double) loop:

(PE) q(n+1) = r + γPπ(m)q(n) for n = 1, . . . ,N

(PI) π(m+1)(s) = max
a∈A

Q(N)(s, a) for m = 1, . . . ,M

▶ New DP problem requires running policy iteration again
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Unrolling policy evaluation

▶ We unroll PE iteration

q(k) = r + γPπq
(k−1)

= r + γPπr + γ2 (Pπ)
2 q(k−2)

= r + γPπr + γ2 (Pπ)
2 r2 + γ3 (Pπ)

3 q(k−3)

= . . .

=
∑k−1

j=0 γj (Pπ)
j r + γk (Pπ)

k q(0)

▶ In the limit ⇒ PE converges to true qπ and γk → 0

qπ =
∞∑
j=0

γj (Pπ)
j r
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Policy evaluation is a graph filter

▶ VFs are graph-filtered rewards with known coefficients

qπ =
∞∑
j=0

γj (Pπ)
j r

▶ PI improves over actions ⇒ π′(s) = maxa∈A Qπ(s, a)

Π′ = σ(Qπ) ⇔ Π′
ij =

{
1 if j = argmaxk Q

π
ik

0 otherwise
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Policy iteration is cascade of graph filters

▶ PE + PI yields linear–nonlinear operator

(PE) qπ =
∞∑
j=0

γj (Pπ)
j r

(PI) Π′ = σ(Qπ)

∞∑
j=0

γ
j
(
P
π(0)

)j
r σ

(
Q(1)

)

∞∑
j=0

γ
j
(
P
π(1)

)j
r σ

(
Q(2)

)

r

P

r

P

Π(0), q(0)

q(1)

Π(1), q(1)

q(2)

Π(2), q(2)
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Compact representation

▶ Obs.1: By Cayley-Hamilton there exists finite-order filter

qπ =
∞∑
j=0

γj(Pπ)
j r =

K∑
j=0

hj(Pπ)
j r

▶ Obs.2: In practice, policy iteration can be truncated

q̂π =
K∑
j=0

γj(Pπ)
j r + γK+1 (Pπ)

K+1 q(0)

▶ Obs.3: Max. non-linearity can be relaxed for tractability

Π′ = στ (Q
π) ⇔ Π′

ij =
eQ

π
ij /τ∑|A|

k=1 e
Qπ

ik /τ
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BellNet formulation

▶ BellNet ⇒ Φ(·;H) with parameters H = {(h(l)1 , . . . , h
(l)
K+1)}Ll=0

⇒ Implements PE and PI L times ⇒ {q̂, Π̂} := Φ(q̄;H)

(PE) q(l+1) =
∑K

j=0 h
(l)
j (Pπ(l))

j r + h
(l)
K+1 (Pπ(l))

K+1 q(l)

(PI) Π(l+1) = στ (Q
(l+1))

K∑
j=0

h
(0)
j

(
P
π(0)

)j
r + h

(0)
K+1

(
P
π(0)

)K+1
q(0) στ

(
Q(1)

)

K∑
j=0

h
(1)
j

(
P
π(1)

)j
r + h

(1)
K+1

(
P
π(1)

)K+1
q(1) στ

(
Q(2)

)

r

P

r

P

Π(0), q(0)

q(1)

Π(1), q(1)

q(2)

Π(2), q(2)
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Training via gradient descent

▶ How to train our BellNet arquitecture?

▶ Optimality condition of VFs in DP

q⋆ = r + γPv⋆ with v⋆(s) = max
a∈A

q⋆(s, a)

▶ Consider the quadratic optimization problem

minH ℓ(H) = ∥r + γPv̂ − q̂)∥22
s.t. {q̂, Π̂} = Φ(q̄;H) v̂ = Sπ̂q̂

▶ Solve via gradient descent ⇒ ∇Hℓ(H)
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Cliff-walking problem

▶ We train BellNet to solve the cliff-walking problem

▶ We test BellNet by solving the mirrored cliff-walking problem
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Numerical evaluation

2 4 6 8 10
0

0.1

0.2

0.3

Number of unrolling layers

n
er
r(
q̂
,q

∗
)

Val-it BN-5 BN-WS-5

Pol-it-10 BN-10 BN-WS-10

2 4 6 8
0

0.1

0.2

0.3

Number of unrolling layers
n
er
r(
q̂
,q

∗
)

Val-it Pol-it-5 Pol-it-10

BN-WS-3 BN-WS-5 BN-WS-10
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Q&A

Many thanks!
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