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Motivation

Hypergraphs Directed Hypergraphs Directed & higher-order across domains:
Hyperedge = node Hyperarc: Tail ! . ) .
subset Head g:“el\ln;i:l reaction Recommendation systems
Symmetric, Asymmetric, Metabolic pathways In_forr.‘natlon di usion
undirected directional p Y Citation / knowledge
Group (polyadic) B-hyperarc: single CEnE G SRR (IS gisels
relations head node Protein-signaling cascades Supply chains & logistics

Group ows, source ! target

Skeleton pose: Cui et al. (2024). Tra c forecasting: Zhao et al. (2023, 2024).
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Motivation

GSP: Undirected, pairwise
only

DGSP (directed-graph SP):

Directed, no canonical FT

t-HGSP: High-order, not
directed

Challenge

Contribution

No canonical DHG
encoding

No canonical FT for DHGS

No spectral framework for
DHGs

B-hyperarc (single head):
canonical tensor, shift &
FT

Lossless t-DHGFT via
t-SVD

Outperforms all baselines

Key: GSP; DGSP; t-HGSP ( t-DHGSP
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Directed Hypergraph

DH = (V;E): hyperarc e=(T(e);H(e)) tail (sources) ! head (targets).

E=ffv 1;vag!fv 60; fvs;v7g!fv 2g; g
Why existing representations fail:

No canonical head index ) identi ability failure
Shift mixes distinct head signals ) cross-talk

Challenges:
No algebraic structure for DHGs
No canonical FT for DHGs
No uni ed spectral framework

[ B-hyperarc: jH(e)j=1 unique head encoding, eliminates both problems
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B-Hyperarcs: Canonical Decomposition

splits into:

Lossless: T(g) fully preserved
in each g, ; union covers H(g).
General directed hypergraph No tail-to-head relationship B-hypergraph (one head each)

dropped.
First index = head node. Unique encoding: no identi ability failure, no cross-talk.

All tail'head connections preserved. Co-targeting has no algebraic e ect on shift or FT in this
framework.
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B-Hyperarc: The Algebraic Foundation

B-hyperarc Tensor A Laplacian Li Shift t-DHGFT
single head unique index spectral op. As Xs t-SVD

[ One head per hyperarc. Everything else follows naturally. ’
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Adjacency Tensor A2 R N" | M-th order

M = max hyperarc size; A has M indices, rst =
head.

For B-hyperarc ¢ =(T(e);fvkg), Il all
(M 1)-permutations of T (e ;):

_ iT(e)i
[
i # ordered (M 1)-permutations of T(e ;)

In-degree tensor Diy 2RN "
lls superdiagonal only:

Lin=Din A

Gallo, L., et al. (2022) uniform DHG only; our work: non-uniform, arbitrary M.

M=3: A2R VNN

er:fvivaglfv 60 @14 =ae4n =1
e, fvsglfv 60: agss5 =1
e, fvsglfv 70: azs5 =1
es:fvs;vrglfv 20: ap37 =az73 =1

, indices (i1;i2;i3), i1=head

In-degree ¢: ds;s;6 =a6,1.4 ta641 +A655 =3
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Directed Hypergraphs: A Unifying Structure

Undirected edge ) pair of B-hyperarcs. Graph (M =2) and undirected hypergraph (M > 2) are special
cases.

Gallo, L., et al. Synchronization induced by directed higher-order interactions. Commun. Phys. (2022).
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Tensor Notation

Kilmer, M., et al. Third-order tensors as operators on matrices. (2013).
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Symmetrization Preserves Directionality

Symmetrization sym() re ects along modes p 3:
As=symA)= 3 0 A@;; AN AN A@ A 2RNNN s

Ns = 2N +1; frontal slices stacked along mode 3. Shift; rst frontal slice of output preserves spatial
structure. t-SVD: palindromic mode-3 ) real DFT slices ) real singular values.

Re ection touches modes 3 only never the frontal slice
Each slice A9: rows = heads, columns = tails
Asymmetric: AY 6= (A%))T when head 6= talil

Cyclic symmetry in modes 3 ) DFT-based computation; frontal slices untouched
) directionality intact.
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Signals on Hypergraphs

Notation: Y—L signal tensor (arrow: vector of tubal scalars, analogous to a signal vector in standard
GSP). (-)s: symmetrized form (previous slide).

* A hypergraph signal is an N-length .

vector of tubal scalars X—FRN>*1N, o o> N
T3
= Each tubal scalar x; 1 in X obtained Q ( ) ®
. . . - X X 0.4
from a one dimensional signal in the - . 5
hypergraph x CRIN as o 7
Rt o O & (,
XiX1
I
Xj1 = fold “
XiXN

= Or Y x X1 Cduter product) and
XsE sy

Zhang, S., et al. “Introducing hypergraph signal processing.” IEEE Internet of Things Journal (2019).
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t-Product / Shift Operator

As [RN*N>@N+1)

A® Xs ER[\IXDX(ZN+1)
yern A® Yo [RN*D>*@N+1)
o o ity D: signal columns

Yy o A® 0X(l)

Ys The first row/column of
bcirc(Ag)

Ys =As [XRs = %fold(bcirc(As) -unfold(Xs))

[Tl 0 A®@ ... a@ p@HL] LI

unfold(X)

AL 0 AD ... A® A® <)
1 ys \ DN 0 o AG A {2
= -fold
2 : 3 . 5 o
A2 A AG . 0 AD (2)
AL A A® ... AD 0 xX@®

t-HGSP [Pena-Pena, K., Lau, D.L., Arce, G.R. “T-HGSP: Hypergraph signal processing using t-product tensor decompositions.” |IEEE Trans. Signal Inf. Process.
Netw., 9:329-345, 2023]: signal processing framework for hypergraphs using t-product and t-eigendecomposition.
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Tensor SVD (t-SVD)

For L [RIN>*N>Ns.
L=U 3"

X U YT
* U,V: t-orthogonal (UR =1)

® S: f-diagonal, tubal singular values o1 < - < o N

* Computed via DFT: one matrix SVD per frequency slice

Kilmer, M., et al. “Factorization strategies for third-order tensors.” Lin. Alg. Appl. (2011).
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Shift Operation: GSP vs HGSP vs DHGSP

V3] (4 (3)
Vs
V2 L] v vy Vo z \ -
o———0 J 7 2
Vi V4
(1
V3
A% Vs
7 ® :
4 0 0
T3 3+ 7 T3T7
. T + 7 & 0 = 0
Y, = x1 + X6 Y= 0 J/_Sn) 0
T Tex7 0 0
24 + x5 + 27 124 + T5T7 21 + T4 + a5 2174 + 22
T3 + Tg ToT3 + T5Tg 5 x2

GSP: scalar di[usion on edges. t-HGSP: tensor di [usion on undirected hyperarcs. t-DHGSP: tensor

di [usion respecting tail — head direction.
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Topological Localization

0.8
0.6

Let XPBe localized at v (xy =1, x, =0 04

otherwise). 2
Bl= AL is nonzero only at nodes reachable
from v in exactly [Cdirected hyperarc steps. A
Y216
?/i,;
Ya,1 -':
AL As t-product-multiplied with itself CHimes. ::."

Consequence: shift respects directed topology,

prerequisite for causal spectral analysis.
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Challenge: Defining a Fourier Transform for Directed
Hypergraphs

Frontal slices of L are asymmetric (directed) — t-SVD alone yields complex eigenbasis. Need:

self-adjoint dilation.
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Self-Adjoint Dilation

¥ e M—2
Built on B-hyperarc in-Laplacian Lin = Din—A Self-adjoint dilation of Lin, [RIN>*N>Ns™ =
I | [emex]
O Lins (RN 2N xNM 2
LY O

INs
* Symmetric by construction — real orthonormal eigenbasis
® t-SVD: Ljps = U AV

* Eigenbasis of dilation: W = A% b

1]

Chen, Y., Cheng, C., Sun, Q. “Graph Fourier transform based on singular value decomposition of the directed Laplacian.” Sampl. Theory Signal Process. Data
Anal., 21 (2023). DOI:10.1007/s43670-023-00062-w
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t-DHGFT and Inverse

Embed Xs isometrically: Xs = A%(Is; 15)" [Xs

(Is: t-product identity; Xs: signal in 2N-dim
dilation space)

C1 L1
fl=wH =1 UV
2 T2 (UT-V)Xs

1
X‘s_—lz% U mt;él,l"')gsl,z)"'v mgsl,l_x:él,z)

)@: Fourier-domain signal; subscripts 1,2 index upper/lower halves of the 2N-dim dilation.
* WH W = 1 — perfect reconstruction
® Parseval's identity guaranteed

1

* Frequencies: 01 <07 <--- (ascending singular values)
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Frequency Ordering — Real Tra Lc Network
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Left: low-freq ( (%) — spatially smooth.  Right: high-freq ( [95%) — rapid oscillation.

Bogota, Colombia traffic network (689 nodes). GSP-Traffic dataset [Zhao et al., 2024].
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