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Introduction

The Fourier transform has recently gained some versions in the
Hypergraph Signal Processing scenario.

In a previous work [Dal Col et al., 2024], we introduced a Hypergraph
Fourier Transform (HGFT), which allows us to generalize the windowed
Fourier transform to hypergraphs.

In this presentation, we demonstrate how other vertex-frequency
analysis tools can be extended to hypergraphs using our HGFT.
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Hypergraph overview

A hypergraph H = (V (H), E(H)) is composed of
V (H) = {v1, v2, . . . , vN} and E(H) = {e1, e2, . . . , eK}.
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The maximum cardinality of the hyperedges M is
M = max{|e|; e ∈ E(H)} [Zhang et al., 2019, Pena-Pena et al., 2023].

The adjacency tensor A = [ai1i2...iM ] of a hypergraph H is a tensor
defined based on the hyperedges of H [Dal Col et al., 2025].
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The degree tensor D = [di1i2...iM ] is a super-diagonal tensor with
diagonal entries

dii . . . i︸ ︷︷ ︸
Mtimes

=

N∑
i2,i3,...,iM=1

aii2i3...iM . (1)

The Laplacian tensor L is the tensor L = D −A.
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Given a tensor A ∈ RN1×N2×N3 , its frontal slices are the matrices

A(k) := A(:, :, k) ∈ RN1×N2 , k = 1, 2, . . . , N3. (2)

The t-eigendecomposition of a symmetric tensor A ∈ RN1×N1×N3 is

A = V ∗ Λ ∗ VT , (3)

where Λ is an f-diagonal tensor (Λ(k), k = 1, . . . , N3, are diagonal
matrices) and V is an orthogonal tensor (V ∗ VT = I).

A symmetric tensor A can be t-decomposed if Â(k) = V̂ (k)Λ̂(k)V̂ (k)T for
k = 1, 2, . . . , N3 [Kilmer et al., 2013].
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Given a hypergraph H with N vertices and M = 3, let

L ∈ RN×N×N be its Laplacian tensor,

Ls = sym(L) ∈ RN×N×(2N+1)) the symmetrized version of L

L̂s = fft(Ls, 3) the FFT of Ls along the third dimension, and

Ls = V ∗ Λ ∗ VT the t-eigendecomposition of Ls.

Since L̂(k)
s = V̂ (k)Λ̂(k)(V̂ (K))T , k = 1, 2, . . . , Ns [Dal Col et al., 2025],

the t-eigendecomposition of Ls exists.
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A hypergraph signal is a function x : V (H) → R defined on the vertices
of the hypergraph H = (V (H), E(H)).

Hypergraph Fourier transform [Dal Col et al., 2024]
Let x : V (H) → R be a hypergraph signal, its hypergraph Fourier
transform (HGFT) is given by:

x̂(ℓ) := ⟨x, V̂ (1)(:, ℓ)⟩ =
N∑

n=1

x(n)V̂ (1)(n, ℓ), (4)

where V̂ (1)(:, ℓ) is the ℓ-th column of the matrix V̂ (1).
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Windowed hypergraph Fourier transform

A windowed hypergraph Fourier atom yi,k : V (H) → R is generated by
the translation of a window y : V (H) → R to the vertex vi followed by
the modulation by a scaling factor k,

yi,k(n) := (MkTiy)(n) = NV̂ (1)(n, k)

N∑
ℓ=1

ŷ(ℓ)V̂ (1)(i, ℓ)V̂ (1)(n, ℓ). (5)
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Windowed hypergraph Fourier transform [Dal Col et al., 2024]
The windowed hypergraph Fourier transform (WHGFT) of a hypergraph
signal x : V (H) → R is the projection of the signal onto the atoms,

WHGFT (x)(i, k) := ⟨x, yi,k⟩ =
N∑

n=1

x(n)yi,k(n). (6)
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Spectral hypergraph wavelet transform

Let ŷp : [0, Λ̂(1)(N,N)] → R, p = 1, . . . , P , be a dictionary of band-pass
kernels, where Λ̂(1)(N,N) is the largest eigenvalue of matrix L̂(1)

s .

The scaled hypergraph wavelets ψi,p : V → R, i = 1, . . . , N , p = 1, . . . , P ,
are defined by

ψi,p(n) =
N∑
ℓ=1

ŷp

(
Λ̂(1)(ℓ, ℓ)

)
V̂ (1)(i, ℓ)V̂ (1)(n, ℓ). (7)

A dictionary of band-pass kernels for graphs can be interpreted as a
dictionary of band-pass kernels for hypergraphs as long as the
eigenvalues of the graph Laplacian λℓ are properly replaced by Λ̂(1)(ℓ, ℓ).
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Spectral hypergraph wavelet transform [Dal Col et al., 2025]
The spectral hypergraph wavelet transform (SHGWT) of a signal
x : V (H) → R is defined by

SGWT (f)(i, p) := ⟨x, ψi,p⟩ =
N∑
ℓ=1

ŷp

(
Λ̂(1)(ℓ, ℓ)

)
x̂(ℓ)V̂ (1)(i, ℓ), (8)

where x̂ is the HGFT (4) of the hypergraph signal x.
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A 3-uniform (loose) path hypergraph with N vertices is a 3-uniform
hypergraph H = (V (H), E(H)), where V (H) = {v1, v2, . . . , vN} and
E(H) = {{v1, v2, v3}, {v3, v4, v5}, . . . , {vN−2, vN−1, vN}}.

7654321

PATH HYPERGRAPH DIAGRAM

1
2

3

45

6
7

C
L

IQ
U

E
 E

X
PA

N
S

IO
N

Figure: Path hypergraph with N = 7 vertices and its graph representation.

A. Dal Col Vertex-frequency HGSP June 8, 2026 12 / 23



We generate a signal x̄ : V (H) → R by combining three columns of V̂ (1)
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Figure: WHGFT with exponential window and SHGWT with spectral,
uniform translates, and spectrum-adapted wavelets.
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Hypergraph Tikhonov Regularization

Hypergraph Tikhonov regularization [Dal Col et al., 2025]
Let x = x0 + η be a signal, where x0 is smooth and η is noise. We aim
to recover the signal x0 by solving the following optimization problem,
called hypergraph Tikhonov regularization,

xs = min
z

{||z − x||2 + γzT L̂(1)
s z}. (9)

Minimization of the hypergraph quadratic form [Dal Col et al., 2025]

xTs L̂
(1)
s xs =

1

2

N∑
i=1

N∑
j=1

((
N∑
k=1

aijk

)
(xs(i)− xs(j))

2

)
(10)

ensures that xs is smooth in relation to the hypergraph.

A. Dal Col Vertex-frequency HGSP June 8, 2026 14 / 23



s

0.2

0.1

0.0

0.1

0.2s

0.3

0.2

0.1

0.0

0.1

0.2

0.3

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Figure: Regularization for a delta signal on a random geometric hypergraph
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Hypergraph regularization centrality

Hypergraph regularization centrality [Dal Col et al., 2025]
Let δk : V → R be the delta signal centered in node vk and sk : V → R
its hypergraph Tikhonov regularization (9). The hypergraph
regularization centrality (HGRC) of the node vk is defined by

HGRC(vk) =
1

sk(vk)
. (11)

A. Dal Col Vertex-frequency HGSP June 8, 2026 16 / 23



In the analysis, we consider two other centrality measures for
hypergraphs inspired by degree and eigenvector centrality for graphs.

Hypergraph degree centrality
The hypergraph degree centrality of a node vk is the k-th entry of the
diagonal tensor D.

Hypergraph eigenvector centrality

The hypergraph eigenvector centrality of a node vk is V̂ (1)(k,N).
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Figure: Hypergraph centrality measures for a path hypergraph with N = 7
vertices and for a path hypergraph with N = 7 vertices and additional
hyperedge {v1, v2}.
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Take-home message

This paper has extended the frontier of hypergraph signal processing by
introducing novel vertex-frequency analysis tools.

As future work, we intend to explore the proposed tools in several
potential applications.
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[Dal Col et al., 2025] codes
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The adjacency tensor A = [ai1i2...iM ] of a hypergraph H is a tensor
defined based on the hyperedges of H [Dal Col et al., 2024].

A hyperedge e = {vl1 , . . . , vlc} is encoded by the entries ai1i2...iM , where
c elements of {i1, . . . , iM} are exactly the same as {l1, . . . , lc} and
M − c elements are chosen from {l1, . . . , lc}. Furthermore,

ai1i2...iM =
c

α

with
α =

∑
k1,k2,...,kc≥1,

k1+k2+...+kc=M

M !

k1! · k2! · . . . · kc!
.

Each term of the sum in α represents the number of possible
permutations after choosing M − c elements from {l1, . . . , lc}.
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The t-product of two tensors A ∈ RN1×N2×N3 and B ∈ RN2×N4×N3 is a
tensor C = A ∗ B ∈ RN1×N4×N3 given by

C = fold




A(1) A(N3) . . . A(2)

A(2) A(1) . . . A(3)

...
...

. . .
...

A(N3) A(N3−1) . . . A(1)

 ·


B(1)

B(2)

...
B(N3)


 , (12)

where the fold operator stacks frontal slices.

A. Dal Col Vertex-frequency HGSP June 8, 2026 2 / 11



The symmetrized version of a tensor A ∈ RN×N×N is a tensor

As = sym(A) = fold





0
1
2A

(1)

1
2A

(2)

...
1
2A

(2)

1
2A

(1)




∈ RN×N×(2N+1). (13)
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The clique expansion [Schaub et al., 2021] of a hypergraph
H = (V (H), E(H)) is a graph representation G = (V (G), E(G), A),
with V (G) := V (H),

E(G) := {{vi, vj} | vi, vj ∈ e, e ∈ E(H), vi ̸= vj}. (14)

In other words, set E(G) is composed of all 2-element subsets of any
edge e ∈ E(H), and A = [aij ] is a matrix where aij quantifies how
many times the edge {vi, vj} is derived from E(H).
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Consider a 3-uniform path hypergraph H with N = 7 vertices and an
additional hyperedge of cardinality c = 2. More precisely,
H = (V (H), E(H)) with V (H) = {v1, v2, v3, v4, v5, v6, v7} and

E(H) = {{v1, v2, v3}, {v3, v4, v5}, {v5, v6, v7}, {v1, v2}}.
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Figure: Path hypergraph with N = 7 vertices and an additional hyperedge
and its clique expansion.

E(G) = {{v1, v2}, {v1, v3}, {v2, v3}} ∪ {{v3, v4}, {v3, v5}, {v4, v5}} ∪
{{v5, v6}, {v5, v7}, {v6, v7}} ∪ {v1, v2}.
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The Laplacian matrix of G is

L =



3.0 −2.0 −1.0 0.0 0.0 0.0 0.0
−2.0 3.0 −1.0 0.0 0.0 0.0 0.0
−1.0 −1.0 4.0 −1.0 −1.0 0.0 0.0
0.0 0.0 −1.0 2.0 −1.0 0.0 0.0
0.0 0.0 −1.0 −1.0 4.0 −1.0 −1.0
0.0 0.0 0.0 0.0 −1.0 2.0 −1.0
0.0 0.0 0.0 0.0 −1.0 −1.0 2.0


.

The first front slice of the tensor L̂s is given by

L̂(1)
s =



1.6667 −1.1667 −0.5 0.0 0.0 0.0 0.0
−1.1667 1.6667 −0.5 0.0 0.0 0.0 0.0
−0.5 −0.5 2.0 −0.5 −0.5 0.0 0.0
0.0 0.0 −0.5 1.0 −0.5 0.0 0.0
0.0 0.0 −0.5 −0.5 2.0 −0.5 −0.5
0.0 0.0 0.0 0.0 −0.5 1.0 −0.5
0.0 0.0 0.0 0.0 −0.5 −0.5 1.0


.
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We generate a signal x̄ : V (H) → R by combining three columns of V̂ (1)

x̄(n) =


V̂ (1)(n, 11), 1 ≤ n ≤ 60

V̂ (1)(n, 61), 61 ≤ n ≤ 120

V̂ (1)(n, 31), 121 ≤ n ≤ 181.

On graph representation, v1 is at the center of the spiral and v181 is at
the outer part.
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We generate a signal x̄ : V (H) → R by combining three columns of V̂ (1)
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Figure: WHGFT with exponential window and SHGWT with spectral,
uniform translates, and spectrum-adapted wavelets.

spectral graph wavelets [Hammond et al., 2018]
uniform translates graph wavelets [Shuman et al., 2015]
spectrum-adapted graph wavelets [Shuman et al., 2015]
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Theorem
The solution to the optimization problem (9) is given by

xs(n) =

N∑
ℓ=1

[
1

1 + γΛ̂(1)(ℓ, ℓ)

]
x̂(ℓ)V̂ (1)(n, ℓ), (15)

where x̂ is the hypergraph Fourier transform of x.
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Figure: Regularization for the signal δ1 on a path hypergraph
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Figure: Regularization for the signal δ1 on a path hypergraph with additional
hyperedge {v1, v2}.
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Figure: Classification for a path hypergraph with N = 7 vertices.
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