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Goal: define a GSP model for DAGs

Directed acyclic graphs (DAGs)
All eigenvalues of A are zero.
Fourier basis is undefined.
Graph signal processing is ill-defined for DAGs.

Notas del ponente
Notas de la presentación
So, Graph Signal Processing is now a widely accepted and used field, partially due to the nice properties it shares with classical signal processing, like one has a shift operator, which yields convolution, one obtains a Fourier basis and transform via eigendecomposition of the shift and the transform is then even orthogonal, as the shift matrices are symmetric. So everything nice and cool!
But this is only the case for undirected graphs, for directed graphs things are not so nice anymore. While there exist notions of shift operator, they are not symmetric anymore, which in turn gives the problem that the graph Fourier transform does not exist in general anymore as a general matrix might not be diagonalizable. And even when it is, the Fourier transform does not need to be orthogonal anymore.
As example consider the path graph, modeling finite discrete time. The shift operators here have only one eigenvalue and can not be further decomposed, as the eigenvalues belong to one large Jordan block.
So this means that Graph Signal Processing with directed graphs is problematic.



Our contribution

• Novel orthogonal Fourier transform for weighted DAGs

• Generalizes the prior Möbius model for unweighted DAGs

• Application: denoising of DAG signals
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Directed acyclic graphs
Defines a partial order

Discrete-time (is a DAG)
Defines an order......

Background: Möbius model for unweighted DAGs

Möbius difference 
operator

Zeta integration 
operator

Total variation:

Difference operator:

Integration operator:

Möbius TV

sums over all predecessors
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Directed acyclic graphs
Defines a partial order

Background: Möbius model for unweighted DAGs

Möbius TV

Möbius Fourier basis
Eigenbasis of             (or         )

Orthogonal

Iteratively minimizes Möbius TV
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Background: Möbius model for unweighted DAGs
Möbius Fourier basis
Eigenbasis of             (or         )

Orthogonal

Iteratively minimizes Möbius TV

1st vector               2nd vector              Last vector
Basis vectors capture a special notion of smoothness.

Example

integration operator 

difference operator  

Fourier basis



Generalization to weighted DAGs
Transitive closure Boolean semiring

Adjacency matrix of an unweighted DAG 
is a matrix over the Boolean semiring.

Transitive closure computed with the 
Floyd-Warshall algorithm:

Key idea: generalize transitive-reflexive 
closure to weighted DAGs

transitive-reflexive closure  ≡  integration operator



Generalization to weighted DAGs
Transitive closure Boolean semiring

Adjacency matrix of an unweighted DAG 
is a matrix over the Boolean semiring.

Transitive closure computed with the 
Floyd-Warshall algorithm:transitive-reflexive closure  ≡  integration operator

Key idea: generalize transitive-reflexive 
closure to weighted DAGs

Generalize the Boolean semiring



Matrices over semirings
Max-times semiring generalizes the Boolean semiring because

for 



Möbius model for weighted DAGs
Max-times semiring generalizes the Boolean semiring because

for 

integration operator

difference operator

integration operator       difference operator       Fourier basis (eigenbasis of           ) 

transitive-reflexive closure  ≡  integration operator



1st vector                             2nd vector                           Last vector

Example

Möbius model variants
Sourceless Möbius operator:

Balanced Möbius operator:



noisy original uncorrelated zero-mean 
Gaussian noise

Noise model:

Application: Signal Denoising

Denoised signal:

We compare against the unweighted Möbius models.

Graphs

• Erdős–Rényi graphs 

• Barabási-Albert graphs

• Thames river network

Signals

• Linear SEM signals:

• Mean daily water flow in m3/s

Edge weights
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Barabási-Albert graphs Thames river networkErdős–Rényi graphs

Results

Weighted Möbius models outperform the unweighted Möbius models.
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Summary
• Novel orthogonal Fourier transform for weighted DAGs

• Generalizes the prior Möbius model for unweighted DAGs

• Application: denoising of DAG signals
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